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Abstract 

We study the dynamics of a spin-flip model with a mean field interaction. The system 
is non reversible, spacially inhomogeneous, and it is designed to model social interac- 
tions. We obtain the limiting behavior of the empirical averages in the limit of infinitely 
many interacting individuals, and show that phase transition occurs. Then, after having 
obtained the dynamics of normal fluctuations around this limit, we analyze long time 
fluctuations for critical values of the parameters. We show that random inhomogeneities 
produce critical fluctuations at a shorter time scale compared to the homogeneous sys- 
tem. 
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1 Introduction 

The mathematical description of complex social systems has been largely inspired by mod- 
eling of physical systems, in particular by Statistical Physics (see e.g. [211 Social 
interactions have, however, their own peculiar features. 

► In many applications, the same information is potentially available to all individuals; 
thus geometrical constraints in the interaction are not justified. Unlike in physical 
systems, interactions of mean field type may provide accurate descriptions of real 
behaviors. 

► In physical systems, interactions are often coded in an energy function, the Hamil- 
tonian; the associated Gibbs distributions describe the equilibrium behavior of the 
system in the thermodynamic limit. When a stochastic dynamic model is desirable, 
for instance for particles in a heat bath, "natural" dynamics are obtained by adding 
stochastic perturbations to the Hamiltonian dynamics, preserving the reversibility with 
respect to the Gibbs distribution. In social systems, interactions may be more nat- 
urally given in a dynamic framework. For instance, at each time step an agent in a 
market changes his own "state" (e.g. the amount of money invested in a specific item) 
to maximize his own utility, that depends on the global state of the business network 
he belongs to, and on some randomness. The associated stochastic evolutions are not 
necessarily reversible with respect to their equilibrium distribution. 
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The mean field assumption could be inappropriate in many context, where individuals tend 
to conform their choices to those of a small number of appropriately defined neighbors. These 
situations are better described by models with local interactions, such as the Voter Model 
(see [2D]); for applications of this model to social science see e.g. [TB], [T7], where the graph 
of the interactions is regular, and |24j . |26| for the case of interactions in an heterogeneous 
graph. There are however many situations where the mean field assumption is reasonable. 
This is the case, for example, when one models the economic behavior of agents sharing the 
same information see e.g. [3], [1], [3]. More recent developments along these lines are found 
in [2], [lUj . [llj . [15j . In these models each agent aims at optimizing an utility function, whose 
dependence on the states of other agents is invariant under permutation (i.e. mean field). 
Moreover, agents update their state sequentially; in other words, simultaneous updating is 
not allowed. As observed in the purpose in this approach "is not to model strategic 
interactions but collective behavior of non-strategic nature". When simultaneous updating 
is allowed, non-cooperative behavior of agents needs to be considered; a dynamic game- 
theoretic framework in the context of mean field interaction has been recently developed in 
|19j . while applications to economics are considered in [18] . 

A typical feature of dynamic mean field models is that they exhibit phase transition: 
in the limit of infinitely many individuals, different initial conditions may be attracted to 
different equilibria. In a social setting, different equilibria may correspond to different degrees 
of polarization of opinions, better or worse financial state in a network of interacting agents 
and so on. The model we study in this paper, that generalizes the one introduced in |lUj . 
should be seen as a prototype model for social systems having the following features. 

1. The dynamics concern the states of a large number, A^, of interacting individuals. 

2. Let LOi be the state of the i-th individual. Other individuals perceive this state subject 
to a random perturbation. We denote by crj the perceived state. 

3. Each individual changes his state by "adapting" to the perceived state of all the others. 
In other words, also considering the mean field assumption, the rate at which un changes 
depends on the empirical mean of the cr^'s, i.e. mjj- = 1/N J^jLi^j: the mean choice 
of the perceived choices of all individuals. 

In [TU] we consider a system comprised by N identical individuals. The evolution is charac- 
terized by two parameters f3 and 7, where /3 determines the randomness in the perception 
process, while 7 determines the randomness in the process of adaptation to the mean of other 
individuals. It is a parameter that expresses a measure of the disutility of non-conformance. 
When 7 > individuals tend to conform their behavior to the mean behavior of all the oth- 
ers; conversely, when 7 < 0, there is an incentive to non-conformity. We take into account 
only positive 7, since, as shown in [3] and in [5j, the results are more interesting both from 
the social and technical point of view than in the other case. 

For simplicity, we consider a binary decision problem for individual agents, so both and cjj 
are assumed to take values ±1, and we call them spins. The main results in [TU] concern the 
limiting dynamics as A — )• +00, and normal fluctuations about this limit. In particular we 
show that the parameter space is divided into two main regions, the subcritical and the su- 
percritical ones, corresponding respectively to a minor or a major incentive to conform. For 
all value of the parameters, a "neutral" equilibrium solution exists, and, roughly speaking, 
it corresponds to equal proportion of individuals with state and —1. In the supercritical 
region, however, other equilibria appear, with a strict majority of individuals in one of the 
two states, as effect of a stronger attitude to conformism. 
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In this paper we weaken the homogeneity assumption of identical individuals; here in- 
dividuals are divided into reference groups. The belonging to a given group is coded in a 
parameter, that we assume random but constant in time. By adopting the terminology used 
in Statistical Mechanics of disordered systems, we will refer to the set of these parameters 
as random field. Depending on the particular application, the random field may describe af- 
filiation of individuals to different social classes, ethnic or religious groups, geographic areas 
and so on. In a financial setting, one can model firms of different dimension, or acting in 
different markets. 

Our aim is twofold. On one hand, following the same approach used in [lOj to study the 
limiting dynamics as N ^ +00, we show that the phase diagram of the model is more com- 
plex than the one of the homogeneous case. 

On the other we obtain a scaling limit of the dynamics of fluctuations for critical values of 
the parameters, i.e. in the boundary between the subcritical and the supercritical region. 
We consider the case of two groups, i.e. a itl-valued random field. This greatly simplifies 
the analysis of critical fluctuations, since it allows the reduction to a low dimensional order 
parameter. General random fields would require the spectral analysis of operators that, by 
the non reversibility of the system, are not self-adjoint. This difficulty is innocuous when 
reduction to low dimension is possible. 

To illustrate our main results, we need to introduce some notations. For times t > 0, let 
ai{t),uji{t) € {—1, +1} be the values of the spins at time t, which evolve as a continuous-time 
Markov chain. Moreover, let r]i £ {—1, +1} be the group of the i-th individual. Denote by 



the empirical measure at time t. In the model we introduce in Section 2, pAr(t) evolves itself 
as a Markov process (this fact could be indeed taken as definition of mean field dynamics). 
Pat is a probability on {—1, +1}'^, so it lives on a linear manifold of dimension 7. As we shall 
see, many explicit computations are made possible by this low dimensionality, that would 
be lost in more general cases, for instance when rji could take infinitely many values. As 
N — +00, PAr(t) converges in probability to a deterministic flow p{t), which is a solution of 
an ordinary differential equation (ODE). This result corresponds to a law of large numbers 
and it allows us to describe the macroscopic evolution of the system, which is deterministic. 
We provide the full phase diagram of the stationary solutions of this ODE, in terms of the 
parameters of the model. 

Since in real systems is large but finite, it is relevant to obtain first order (Normal) 
corrections to the A^ — )■ -|-oo limiting dynamics. So, we show that the fluctuation process 



converges in law to a Gaussian process ( Central Limit Theorem) , whose covariance is deter- 
mined explicitely. Gaussian approximations of empirical mean are widely used in applica- 
tions. For example, in the financial context of credit risk analysis (see e.g. \n\ \T0 \ lllj). 
states are indicators of the financial health of a firm; Gaussian approximations allow to com- 
pute quantiles of the excess losses suffered by a financial institution holding a large portfolio 
with positions issued by the firms. Moreover, whenever parameters have to be estimated 
from data, the Central Limit Theorem yields asymptotic normality of estimators, which is 
in practice a very desirable property. 

In the subcritical region, where only a "neutral" equilibrium exists, it can be shown that 




i=l 



VN[pNit) - Pit)] 
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the estimates of Normal fluctuations are uniform in time. When the parameters approach 
the critical values, these estimates loose their accurancy and we need a different scaling to 
describe better their behavior. In fact, for critical values of the parameters, it is expected 
that long time fluctuations are such that a space-time scaling of the form 

ivV4[p^(iV"t)_p], (1) 

where p := lim(_j.+oo has a nontrivial limit in law. Although many homogeneous and 
reversible models are well understood in this respect, this paper provides, to our knowledge, 
the flrst example of study of critical fluctuations for a non reversible, inhomogeneous model. 
We show that, in the homogeneous case (ryj = 0), the "standard" a = 1/2 scaling holds true, 
and ([T|) converges to a cubic diffusion. When instead the r/j's are i.i.d. and nonzero, the space 
fluctuations of the fleld destroy the above picture: critical fluctuations appear at a much 
shorter time a = 1/4, and are driven by the normal fluctuations of the field. In some sense, 
this is a dynamic analog of the result in [1] for the fluctuation of the Curie- Weiss model 
at critical temperature. We remark that the dynamics of critical fluctuations are known to 
exhibit universality features (see fT2] ) . Our result shows that the presence of inhomogeneities 
may lead to a new universality class (see [6J for more results on this subject). 

The paper is organized as follows. In Section 2 we deflne the class of models we study; 
Section 3 contains the results concerning the limiting dynamics, phase diagram and normal 
fluctuations; Section 4 is devoted to critical fluctuations; proofs of all results are flnally given 
in Section 5. 



2 The model 

2.1 Description of the model 

Let y = {—1,-1-1} and rj = {r]j)jLi G oS^^ be a sequence of independent, identically dis- 
tributed, symmetric, Bernoulli random variables defined on some probability space (17, J-", P), 
that is P{r]j = —1) = -P(??j = +1) = 1/2, for any j. We indicate by ^ their common law. 
Given a configuration (oi, cj) = {aj,ujj)jLi G and a realization of the random medium 

r/, we construct a 2A^-spin system evolving as a continuous-time Markov chain on J^"^^ , with 
infinitesimal generator L^v acting on functions / : =5^^^ — > M as follows: 

N N 

LNf{a,ui) = e-^'^^'^^VJ/(a,^) + ^ e'^^^^^^+^^^^V^^ f{a,ui), (2) 

where V^f{Q_,ui} = f{a^,Lo) — /(ct, w) and VJf{a,ui) = f{o_,u£) — /(ct, w). The /c-th com- 
ponent of , which has the meaning of a cr-spin flip at site j, is 




CTfc for / j 
-CTfc for k= j 



and the w-spin flip at site j is deflned similarly. The parameters /?, 7 and h are positive. 
The quantities e~^^^^i and e~^^^^'^N~^^^3) represent the jump rates of the spins, the rates 
at which the transitions aj — > —aj and ojj — > —ujj occur respectively for some j. The 
rates e~^"^'^^ describe how states are perceived: for /3 = perceived states are completely 
random, while alignment to the real states improves as B grows. The rates e~"''^^^^N~^^^i^ are 
comprised by two factors: e~^'^^"^N incentivize alignment with the average perceived state 
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of the community (conformism) , while the factor e~"'^'^^^^ models different attitudes within 
different reference groups. 

The expression ([2]) describes a system of mean field coupled pairs of spins, each with 
its own random environment. It is subject to an inhomogeneous interaction (of intensity h) 
parametrized by the components rjj. With the expression mean field we mean that the sites 
interact all each other in the same way and this assumption allows us to suppose that the 
interaction depends on the value of the magnetization 

1 ^ 

^N(i) = ]^II^i(*)• 
The initial condition (ct(0),cj(0)) is assumed to have product distribution A®^, where A is a 
probability measure on . 

The quantity (aj{t),ujj{t)) represents the time evolution on [0,T], T fixed, of j-th pair of 
spin values; it is the trajectory of the single j-th pair of spin values in time. The space of 
ah these paths is {V[0,T]f, where V[0,T] is the space of the right-continuous, piecewise- 
constant functions from [0, T] to J^, endowed with the Skorohod topology, which provides a 
metric and a Borel cr-field (as we can see in |14j). 



3 Approach and main results 

3.1 Deterministic limit: law of large numbers 

The operator L^v given in ^ defines an irreducible, finite-state Markov chain. It follows 
that the process admits a unique stationary distribution u^, but it can be proved that our 
model is non reversible (see the analogous proof for the homogeneous model in [lO]). This 
fact implies that an explicit formula for the stationary distribution z^^r and its — t- +oo 
asymptotics are not available. So, we follow a dynamic approach. This means that first, we 
derive the dynamics of the process ([2D, in the limit as — > +oo, in a fixed time interval 
[0, T] and later, we study the large time behavior of the limiting dynamics. 

So, let (cjj [0, T] , ujj [0, T] )jLi G {V [0, T] denote a path of the system in the time interval 
[0,T], with T positive and fixed. If f{aj[0,T],u)j[0,T]) is a function of the trajectory of a 
single pair of spins, we are interested in the asymptotic behavior of empirical averages of 
the form 




where {pn}n>i is the sequence of empirical measures 

1 ^ 

We may think of pN as a random element of 7Wi((D[0, T])^ x S^), the space of probability 
measures on (D[0,T])^ x y endowed with the weak convergence topology. 

First, we want to determine the weak limit of in A^i((I?[0, T])^ x =5^), when N grows 
to infinity, i.e. for f £ Cb we look for lim7v-i.+oo/ fdpN- It corresponds to a law of large 
numbers, where the limit is a deterministic measure. Being an element of Aii{{'D[0,T])^ x 
o5^), such a limit can be viewed as a stochastic process, which represents the dynamics of 
the system in the infinite volume limit. 
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The result we actually present is a large deviation principle, which is much stronger than 
a law of large numbers. We start with some preliminary notions letting, in what follows, 
W G Mi{{V[0,T]f) denote the law of the ^^.^^lued process (o-(t), w(t))tg[o,T] , 

such that 

the initial condition (cj(0),a;(0)) has distribution A and both cj(-) and uj{-) change sign with 
constant rate equal to 1. By we mean the product of N copies of W, which represents 

the law of the 2A'^-spin system in absence of interaction. Moreover, we shall denote by 
the law of the process {a{[0,T]),Lo{[0,T])) = (oi(t),6<j(t))fg[o^T]; with infinitesimal generator 
([2]) and initial distribution A*^^, for a given rj. 
For Q e 7Wi((P[0,r])2 X ^), let 



H{Q\W(S)fi) :-- 



if Q<-W®fi and log 



+00 



otherwise . 



dQ 
d{W^tJ.) 



denote the relative entropy between Q and W ® ^. Moreover, HtQ denotes the marginal law 
of Q at time t, and 

aIitQ[da, doj, dr]) . 



m 



UtQ ■- 



For a given path (cr([0, T]), a;([0, T])) G (P[0, T]f , let (resp. N^) be the process counting 
the jumps of cj(-) (resp. Define 



F{Q) :-- 



(1 _ g-Mt)'^(i)) dt + 13 f a{t)uj{t)dM^ 



+ 



1 - e 



dt + 



7^ i^{t)(m'^^Q + h7^)dM? 



dQ, (3) 



whenever 

j {N^+Ni^)dQ < +00, 

and F{Q) = otherwise. Finally, let 

liQ) ■.= H{Q\W<S)fi)-F{Q). 

We remark that, if /(A/"^ + N^)dQ = +00, then H{Q\W ® n) = +00 (see Lemma 5.4 in 
[lUj ) and thus also I{Q) = +00. 

Proposition 3.1. The distributions of pN obey a large deviation principle (LDP) with rate 
function /(•) (see e.g. for the definition and fundamental facts on LDP). 

The key step to derive a law of large numbers from Proposition 13.11 is given in the 
following result. 

Proposition 3.2. The equation I{Q) = has a unique solution £ A^i((D[0, T])^ x 
^) which admits the decomposition Q:^{da[0,T], duj[0,T], drj) = Q^{da[0,T],du[0,T])fi{drj). 
Moreover, the marginals = HtQl G 7Wi(o5^^) are weak solutions of the nonlinear McKean- 
Vlasov equation 



'4 = ^'1^ 

an" = A 



{te[0,T], r/G^) 



where, for all the triples {a,uj,r]) £ 5^'^ , the operator acts as follows: 

aqUcT^u:) = V- \e-^--qn<7,u;)] + fe-^-K*+M^;^(^, , 



(4) 



(5) 
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and qt is defined by 

qticr,u) = / q]'{a,u)iJ.{dr]) . 

From Propositions 13.11 and 13.21 it is easy to derive the following strong law of large 
numbers. 

Theorem 3.3. Let € Mi{i'D[0,T]f x y) be the probability given in Proposition 
Then 

pi\f — > almost surely 

in the weak topology. 

Remark 3.4. The result in Theorem 13.31 shows the convergence of the sequence of the 
empirical measures. The qualitative and quantitative analysis of its limit will be treated 
in the next section. It is worth to point out here a consequence of Theorem VJ.'Ji Let 
ii, Z2, ■ ■ - im be fixed indexes in {1, 2, . . . , N}. Then, the joint law of the random variables 
{ai^[0,T],uJi.[0,T],rii.)^i converges weakly to Qf"^. This can be shown along the same 
lines of Theorem 3 in /?/, and it is known as propagation of chaos property: in the limit as 
N —7- +00, the joint law of the state evolutions of given individuals is a product measure; 
moreover, single individuals evolve their state according to the law Q^. 

The proofs of Propositions 13. ll and 13.21 and of Theorem 13.31 are based on large deviations 
techniques applied to mean field models, first introduced in [9j and then generalized in j^lOj 
for non reversible mean field models. They present various technical difficulties due to the 
unboundedness and non continuity of F, which are related to the non reversibility of the 
model. They are not given here, because they are analogous to the same results in the 
homogeneous case (see Proposition 3.1, Proposition 3.2 and Theorem 3.3 in [lOj). 



3.2 Equilibria of the limiting dynamics: phase transition 

The equation (HD describes the behavior of the system governed by generator ^ in the 
infinite volume limit, i.e. of infinitely many individuals. We are interested in the detection of 
the t-stationary solution(s) of this equation and in the study of its (their) stability properties. 
We recall that, to be t-stationary solution(s) for ([H) it has to be satisfied the equation 
£VqV = 0, for every t. 

First of all, we proceed to reformulate the "original" McKean-Vlasov equation ^ in 
terms of m^^, m^^, m^^, m'^'^, fn^^, "m-q^, m'^'^^ defined as follows: 



1 

* 2 



:= ^ J2 ^r]q1{(j,uj) (6) 



ml :-- 



1 X ^ X ^ n / \ rrn 1 



2 



m- 



(r,u}&y r]£y a,Luey rj^y 

1 ^ ^ . 1 



a,uiey ri^y a,uiey riey 
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where q] has the meaning explained in Proposition lc{.2l and we have written m+ instead of m„ . 
We introduce these expectations, because the probabihty measure qt on is completely 
determined by them. 

The quantities defined above, or simple functions of them, have natural interpretations in the 
social setting. For a given time t, m" (resp. m^ ) clearly represents the averaged perceived 
(resp. real) state. Then, is the probability that the perceived state {a) of an individual 

is equal to its real state (w). Also, ± vri^^ is the average state within the reference group 
associated to t/ = ±1. Similar interpretations can be given for the other quantities in ([U])-®. 

Lemma 3.5. Equations ^ can he rewritten in the following form: 

ml = 

ml = -2 ml cosh(/3) + 2 sinh(/3) 

= —2 ml cosh(7/i) cosh(7mJ') — 2 m^^ smh.{^h) sinh(7m^) 

+ 2 cosh (7/1) sinh(7m^) 
ml^ = 2 ml cosh(7/i) sinh(7m^) — 2 ml^ [cosh(/3) + cosh(7/i) cosh(7?nJ')] 

+ 2 ml^ smh{"fh) cosh(7m^) — 2 ml'^^ sinh(7/i) sinh(7m^) + 2 sinh(/3) (10) 
m^'' = —2 m^^ cosh(/3) + 2 m^^ sinh(/3) 

m^'' = —2 mf sinh(7/i) sinh(7m^) — 2 m^^ cosh{'jh) cosh{^ml) 

+ 2 sinh(7/i) cosh(7m^) 
ml^^' = 2 sinh(7/i) cosh(7m^) — 2 ml^ sinh(7/i) sinh(7m^) 

+ 2 ml^ cosh(7/i) sinh(7m^) — 2 ml^^ [cosh(/3) + cosh(7/i) cosh(7m^)] , 

with initial condition ttIq = = 0, rn-Q = m^, rrig = ?ti|^, m^^ = m'^ , m^^ = ml^' , 
mg ' = m^ ' ana rrig = . 

Proof. See Section [6l ■ 



The variable m]^ is static, thus any equilibrium solution of the system in Lemma 13.51 is 



of the form 



^ u/a\ sinh(7mj) cosh(7mJ 
m^ = tanh(p) — ■ — ^ — 



cosh {'^m%) + sinh (7/1) 
sinh(7mj) cosh(7mJ) 
cosh^(7mj) + sinh^(7/i) 

1 + sinh2(7/i) 



ml"^ = tanh(/3)tanh(7/i) 
m^'' =tanh(7/i) 



cosh^(7?Tij) + sinh^(7/i) 
1 +sinh2(7/i) 



cosh (7mj) + sinh (7/1) 



(11) 



To discover the presence of phase transition(s) (multiple equilibria) and the stability of 
equilibria, it is sufficient studying the first equation of (fTTj) : 

m^ = tanh(/3)-^^"^(^"^*)^°^^^^"^*) 



cosh^(7mJ") + sinh^(7/i) ' 
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because all the remaining are m'^ = m'^{m%), hence lim = m^, when lim ml = m^. 
The stationary system we are dealing with is essentially one-dimensional. 




(a) 



(b) 



Figure 1: Phase diagram for a fixed value of /? (figure 1(a) ) and zoom of the area where the 



bifurcation occurs (figure 1(b)). 



For a fixed value of /3, the phase diagram is qualitatively drawn in Figure [TJ There 
are three phases, corresponding to 0, 1 and 2 solutions having > 0, respectively. By 
symmetry, we have the same number of solutions with < 0. 
The continuous separation curve is 



h = h(f3,'j) = — arccosh(A/7 tanh(/3)) , 7 G 
7 ^ 



1 



tanh(/3) 



, +00 



(12) 



while the dotted one is obtained numerically and it is due to the fact that the function 

sinh(7mj) cosh(7mJ) 



r/3,7,h(mj) := tanh(/3) 



cosh^(7mj) + sinh^(7/i) 



(13) 



1 3 
tanh(/3) ' ItanEpJ 



and separate at the "tricritical" point 



is not always concave. 
The two curves coincide for 7 G 

(7>(/3,7)) = (21^' ^ Iti^^M 
Theorem 3.6. Consider the equations (|11|) and fix a value for (3. The point 

th(/3)th(7/i)sh(7/i) + sh(/3) 



m 



._ 



0,0, 



ch(/3) + ch(7/i) 
is a solution for all values of the parameters. 



-,th(/3)th(7/i),th(7/i),0 . 



1. If^< 



cosh^(7fe) 
~tanhp)~ 



(Phases and 2 in FigureU\), then rr^ is linearly stable for M(J^) . 



2. Ifl<- 

'^tanh(^^^ ' ^ ^•^ above the dotted line in Figure which has been obtained 
numerically (Phase 0), then is the unique solution of pip . 

3. If J > '^tanh(ff) ^ ' (7'^) ^'-^ below the curve (|12|) , the continuous curve in Figure[l\ 
(Phase 1), then (jlip has three solutions: 

m°, {rn^,rn'^{rn^),rn"^{rn^),rn%'^{rn^),rni^{^ and {—m^,,—m'^{m^,), 
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7nJ'^(— m*), m*''(m*), m*'^^(— m*)), where is the unique positive solution 

of the first equation of . 

4- If we choose the parameters above the curve (|12p and h is small enough, in other words 
if (7, h) belongs to the Phase 2 of Figure [7], then two further solutions arise. 

Proof. See Sectional ■ 

Interpretations of Theorem 13.61 and of the phase diagram in Figure [T] are most easily 
given in terms of opinion dynamics, where the states of individuals are (binary) opinions on 
a given subject. Phase in Figure [T] can be seen as a small perturbation of the case where 
individuals choose their opinion randomly, and independently of the others. 
For small inhomogeneity (h small), as 7 crosses the curve h = h{(3,^) (Phase 1), i.e. as links 
between individuals become strong enough, the "neutral" solution becomes unstable 
(although it possesses a stable manifold), and one of the two opinions eventually prevails 
[polarization of opinions). This means that the two solutions in part 3. of Theorem 13. 6[ 
different from m*, are stable; the state space, besides the stable manifold for tti^, gets 
partitioned into two parts, each attracted by one of the two stable solutions. This picture 
has been proved rigorously for the homogeneous case in \^\, but it is well supported by 
numerical evidence also in the inhomogeneous case. 

Phase 2 is absent for /i = 0, thus it is a genuine effect of the inhomogeneity. If, from Phase 1, 
we increase the link between individuals and their reference groups (specifically, as h crosses 
the value /i(/3,7)), then stability of the neutral solution is recovered. However, at least for 
moderate h, stability of one solution with m% > is maintained: in other words, polarization 
of opinions may occur or not, depending on the initial condition. 

3.3 Analysis of fluctuations: Central Limit Theorem 

Thanks to Theorem 13.31 we established a law of large numbers for the empirical measure 
that is pn — > Q*. We are going to analyze the Normal fluctuations around the limit Q*. 
We are also interested in the A^-asymptotic distribution of pn — Q*- 

Using a weak convergence-type approach based on uniform convergence of the infinitesimal 
generators, deeply explained in [Hj, it is possible to provide a dynamical interpretation of 
the recalled law of large numbers. 

Let / : — > M be a function and define pNit), the marginal distribution of pat at 
time t, by 

1 ^ 

f{a,uj)dpN{t) = — ^/(crj(t),Wj-(t)). 
i=i 

We have mjj{t) = m^^^^y For each fixed t, pN{t) is a probability on ^5^^ and so, by the 
considerations which led as to introduce the expectations ([SI), 0, (lEl) and we can proceed 
similarly saying that pAr(t) is completely determined by the vector {nv^^^^y mr^^^^y mr^^^^y 

m — f,., m rn m n^) and seemg it as a seven-dimensionai obiect. 

PjvW PjvW P]v(i)' PNit)' 

Thus (pAf (i))tg[o,T] is a seven-dimensional flow. 

A simple consequence of Theorem 13.31 is the following convergence of flows: 

(/'Af(*))tG[0,T] > {Qt)t€lO,T] , (14) 

where the convergence is meant in probability, with respect to the weak topology for measure- 
valued processes. Since the flow of marginals contains less information than the full measure 
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of paths, the law of large numbers in (|14p is weaker than the one in Theorem! 
However, the corresponding fluctuation flow 

iN'/\pN{t)-qt))tmT] 
is also a finite-dimensional flow, whose limiting distribution can be explicitly determined. 

Theorem 3.7. In the limit N — > +00, the seven- dimensional fluctuation process 
{vN {t),XN (t) , VN (t) ,ZN{t),UN (t) , vn (t) , wn (t) ) , defined by 

z^{t) := iVV2 (^J^^^^^ _ w^{t) := iV^^ (^m~l^ _ 

converges (in the sense of weak convergence of stochastic processes) to a limiting seven- 
dimensional Gaussian process {r{t),x{t),y{t), z(t),u{t),v{t),w{t)), which is the unique solu- 
tion of the linear stochastic differential equation 

= 



ujri 

h 

(J LOT] 



dr{t) 
'dx{ty 
dy{t) 
dz{t) 
du(t) 
dv{t) 
dw{t). 



2 M' Ai{t)dt + 2A2{t) 



-x{ty 




'dBiitJ 


y{t) 




dB2{t) 


z{t) 
u{t) 


dt + D{t) 


dB^it) 
dBi{t) 


v{t) 




dB^it) 






dBeity 



where Bi, B2, B3, B^, B^, Bq are independent Standard Brownian motions, and is a Stan- 
dard Gaussian random variable, 



-ch{/3) 



— ch(-Y/i)sh('Ym^ ) 

~7m^ ^ sh('y/i)ch('ym^ ) 
+'Ych(-f/i)ch('Ym^ ) 

ch('y/i) 311(7771^ ) 
+ 7m^ ch (7/1)011(7772^ ) 
— 7771^'^ ch(7/i)sh(7m^ ) 
+7771^ ^ sh(7/i)sh(7m^ ) 
— 7777^ '^^ sh(7/i)sh(77?7^ ) 





7sh(7/i)sh(7m^ ) 
— 777 
-7771," 



7777^ sh ( 7/1 )ch (7771^ ) 
'1^^ ^ ch(7/i)sh(7m^ ) 



sh(7/i)ch(7777^ ) 
+ 777i^sh(7/i)sh(7m^ ) 
— 7771^^ sh(7/i)sh(7m^ ) 
+ 7777^ ^ ch (7/1)011(7777^ ) 
— 777i^ '^^ ch (7/1)311(7777^ ) 



Mt) 



Sh{/J) 

-ch (7/1.) ch (7777^ ) 



-sh (7/1)311(7771.^ ) 





sinh(7/i) cosh (7771^) 



cosh(7/i) sinh(7mf ) 
sinh(^) 



-ch(/3) 
-ch (7/1)011(7771.^ ) 



sli(7/i)ch(777i^ ) 



-311(7/1)311(7771^ ) cli( 7/1)311(7771^ ) 



-sh (7/1.) 311(7777^ ) 







-ch(/3) 3h(^) 

-ch(7/i.)ch(777i^ ) 



sh (7/1)311(7771^ ) 



-ch(/3) 
-cli (7/1)011(7777^ ) 
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D{t) is a suitable 6x6 matrix and (r(0), x(0), y(0), z(0), m(0), t;(0), t«(0)) has a centered 
Gaussian distribution with covariance matrix 









a 








1 - (mp2 


mj^ - ^x^x 


- '"J'^a" 


— 


— 




l-(m-)2 


- m-m-- 


— 


— 




- m-m^- 


1 - (m--)2 


— 


— m^'^ "^A ^' 


— m^m^ 


— 


— 


1 - {m^ 


— ' 


— 


— "^A ^ 


— m^'^ m*^^ 


— m^^ 


l-{m-'')2 






— ^"■^'^ ^A*^^ 







-m , ' m , 



l-{m--'')2 



Proof. We only sketch the main tools useful to prove the Theorem; we avoid the com- 
plete computations, since they are straightforward and very similar to those of the homoge- 
neous case, which can be found in jlllj 



a_Tj 



First, we have to prove that im- ,,n, m— m— ,,\^ — ^rn ~tt\, "t- 'rn /Tn I is 

' ^ ^ PjvW PjvU)' PivW PjvW PjvW PjvW PnW 

an order parameter for the model, i.e. its evolution is Markovian. So, let denote by /Cat the 
infinitesimal generator of this process. We apply the operator ([2]) to a function (j), which is 
a composition of functions of the type: 

^(mpjv , , mj^ , m^-, mp^, rup^^, rup^ -) : y — ^ R, 

where we are considering (ct, w) as a variable. The goal is we obtain the same applying 
another infinitesimal generator (which is exactly the operator /Cat) to a function 



[m 



PN 5 



where mjj^ , m^j^ , "^piv ; "^Piv > "ipjv > "^pjv ; "^Piv ~ a-^'^ seen as variables now. 
In other words, it can be shown that 

LN{(l)[mpN , mj^,mj^ ,m^-, rup^, rup^, rup^ -)) = 

lir X\l cr cri^ 2^ iii*? 

= (/Cat^) (mpj^ , m^^ , m^^ , m^-, mp^, mp^^, mp^^ -) . 

The seven-dimensional fluctuation process {r]y{t),X]\f{t),y]y{t), ZNit),uj\f{t),V]\f{t),W]y{t)) is 
a Markov process too, since it is a deterministic and invertible function of (rripj^ , m^j^ , TTipXr > 
mf^, mpj7, mpj7, mp~-). With the same reasoning as before, we can find the explicit expres- 
sion of the infinitesimal generator Hn, driving the dynamics of this fluctuation process. 
Now, it can be found the limiting generator T-L ofHisf and, using the results about the conver- 
gence of stochastic processes developed in [H] (Chapter 4, Corollary 8.7), we can conclude 
our fluctuation process converges weakly to a Gaussian one, whose dynamics is driven by 7i 
and which solves the diffusion equation given in the statement of the Theorem. ■ 



4 Critical dynamics (7 = cosh^ {'jh)/ tanh(/3)) 

We are going to consider the "critical dynamics" of the system, in other words the long-time 
behavior of the fluctuations in the threshold case, when 7 = -^^^j^y- In the previous section 
we have seen that in a time interval [0, T] , where T is fixed, and in the infinite volume limit, we 
have Normal fiuctuations for the system. Indeed, the infinitesimal generator of the rescaled 
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process converges to the infinitesimal generator of a diffusion and the rescaled process itself 
converges weakly to that diffusion. It means we can provide a Central Limit Theorem for all 
the values of (3 and 7. This Central Limit Theorem continues to be valid in the critical case, 
but there is an eigenvalue of the covariance matrix which grows polynomially in t and 
identifies the critical direction. This fact implies that the size of the Normal fluctuations 
must be further rescaled (in space and in time), because their size around the deterministic 
limit increases in time. The presence of the constant drift in the dynamics of the Normal 
fluctuations influences the construction and the behavior of the critical fluctuation process; 
in fact, it forces us to rescale the time by a smaller power of N than it would be done in 
the homogeneous model. The limiting process of these fluctuations is still Gaussian, since 
solution of a deterministic equation with constant (but random) drift given by a Gaussian 
random variable. 

First of all, we need to locate the critical direction in the seven-dimensional space of the 



order parameters. In the rest of the section, we will consider 7 — ^^^^^^^^ 



Tanh(^)^^ assume 

that the initial condition A is a product measure such that 

tanh(/3) tanh(7/i) sinh(7/i) + sinh(/3) 



0, 



rrii 



0, 



rrit 



rri- 



cosh(/3) + cosh(7/i) 



i,^ — tanh(/3) tanh(7/i), mj^'' = tanh(7/i), m]- 

for every value of t > 0. Observe that if it holds at initial time, it will be true for all subse- 
quent times by stationarity. 

In the critical case, when 7 = ^°anh(^^^ ' matrix has an eigenvalue growing polyno- 
mially in t . The critical direction is determined by the right eigenvector corresponding to 
the eigenvalue increasing to infinity of S^, which is also the right eigenvector corresponding 
to the null eigenvalue of the drift matrix of Theorem 13.71 (independent of t under our 
assumptions). This matrix can not be completely diagonalized, but it is possible to find a 
basis of generalized right eigenvectors {0.1,. . . , allowing us to reduce it in Jordan canon- 
ical form. Let A be the matrix whose rows are a^,. . . , Og. It is convenient to consider the 
following change of variables (it will be used to construct the critical fluctuation process in 



Theorem 14. 3|) : 
















rjv(t) 


= rN{t) 














'XN{t)' 




■Ar-i/4 



















yN{t) 







Ar-1/4 
















ZN{t) 










Ar-1/4 













UN{t) 













Ar-1/4 










VN{t) 
















Ar-1/4 







WN{t)_ 



















Ar-1/4 





'xN{ty 




VNit) 


A 


ZN{t) 


UN{t) 




VN{t) 




WN{t)_ 



If we set Oi to be the eigenvector corresponding to the null eigenvalue, by this analysis we 
obtain the following critical direction: 

XN{t) = iV"^/"^ ■ {xN{t),yN{t),ZN{t),UNit),VN{t),WNit)y 



Ari/4 



cosh (7/1) mj^ (J) + sinh(/3)m^^ 



PN{t) 



Remark 4.1. Notice that the critical direction x does not depend on the random environment 
and it is one- dimensional. 
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Definition 4.2. We say that the sequence of stochastic processes {Xn{t)}n, for t G [0,T], 
collapses to zero if for every e > 0, 



lim P sup \Xn{t)\ > e 



0. 



Theorem 4.3. For t € [0, T], let consider the seven- dimensional critical fluctuation process 

r^{t) = N^'^ml^^^ 

XN{t) = iV^/^[cosli(7/i)mJ^(^) +sinh(/3)mj^(^) 

yN{t) = iV^/"^ [(cosh(7/i) - cosh.{l3))nr^^^^ + sinh(/3)m^^(^^ 

— (cosh(7/i) — cosli(/3)) tanh(/3) tanli(7/i) — sinh(/3) tanli(7/i) 



ZN{t) = N^l^ 
UN{t) = N^'^ 



m 



PN{t) 



m 



PN{t) 



tanh(7/i) 



tanh(7/i)m''-.,. + tanh(/3) tanh{jh)ni^J- 



pjv(i) ^'^'^ ' ' Piv(i) 

tanh(^) tanli(7/i) sinh(7/i) + sinh(/3) 
cosli(/3) + cosli(7/i) 

= Afi/'^[2cosli(/3)sinh(7/i)(cosh(/3) + 2 cosh (7/1)) m^^^^^ 

— 2sinli(/3) sinh(7/i)(cosh(/3) + 2 cosh (7/1)) m^^^^^ 

WN{t) = A^i/^[-tanh(/3)sinh(7/i)(cosh(/3) + 2cosh(7/i))mJ^(j) 

+ (cosh(^) + cosh (7/1)) 2 



(15) 



Then, as N — > +00, 'rjv(t) converges to , a Standard Gaussian random variable, the 
processes yN{N^^^t), ZNiN^^^t), UN{N^^'^t), VNiN^^'^t), WN{N^^^t) collapse to zero and 
XN{N^/^t) converges, in the sense of weak convergence of stochastic processes, to a limiting 
Gaussian process 

x{N^lH) = 2^sinh(/3)sinh(7/i)t. 
Proof. See Sectional ■ 



Remark 4.4. In view of Theorem \4-'^ is now clear why it is convenient the change of 
variables we introduced. In the new system of coordinates only one process survives the 
critical space-time scaling. 

The previous Theorem is valid even in the homogeneous model, when h = 0, but the 
result is trivial: the limiting process x{N^/^t) = 0. In that case, the absence of the constant 
drift, due to the random environment, allows us to amplify the time by a factor A^^/^ in 
order to have an appreciable and different result: the limiting critical fluctuation process is 
no more trivial and, besides, it is non-Gaussian. We state here this result, for the complete 
proof we refer to 
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Theorem 4.5. Assume h = 0. For t G [0,T], if we consider the critical fluctuation process 



tanh(/3)m~ 



^Nit) := N'/^ 



(16) 



(Nit) := N'/^ 



m 



sinh(/3) 



p^(JVi/2t) cosh(^) + 1 



i/ien, as N — > +oo, £,N{t),CN{t) collapse to zero and '&N{t) converges, in the sense of weak 
convergence of stochastic processes, to a limiting non-Gaussian process i}{t), which is the 
unique solution of the following stochastic differential equation: 



d^{t) 



2cosh3(/3) 



3smh2(/3)[cosh(/3) + 1]3 

[ m = 

where B is a standard Brownian motion. 



+ 2cosh(/3) dB{t) 



5 Conclusions 

We have proposed a model for social interactions having the following main features: 

► Interaction is of mean field type: the same information is available to all individuals. 

► Individuals are not identical (inhomogeneity) : they are divided into reference groups. 

► Equilibrium dynamics are not time reversible. 

We have shown various asymptotic results in the limit as the number of individuals goes 
to infinity. First we have shown a law of large numbers, that describes the dynamics of 
a specific individual in the limit of an infinite community (A'^ — >■ +oo). The large time 
behavior of this dynamics exhibit phase transitions: depending on the parameters of the 
model, and possibly on the initial condition, states of individuals may either polarize - due 
to strong tendency to conformism - or tend to a "neutral" configuration, where states are 
mainly dictated by the reference group individuals belong to, and only weakly influenced by 
interactions within the community. We have then proved a Central Limit Theorem, which 
provides explicit normal corrections to the N — )• +oo limiting dynamics. Finally, fluctuations 
around the limiting dynamics have been studied in more details in the critical region of 
parameters, separating the phases of polarization and non-polarization. In this region, large- 
time fluctuations exhibit peculiar scaling properties, which are strongly influenced by the 
inhomogeneity of the community. 

6 Proofs 

6.1 Proof of Lemma 13.51 

By deflnition ([7]) , Proposition 13.21 and Theorem 13.31 we deduce that 
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4 E E^{v'^[«""'^^«I'(^''-) 



+ V" 



-'yu)(m'[ +hri) rj I 



CT,a;e.5^ r;G^' 



-'•fuj{m'[ +hri) 



It 



E E--''^%''(->-) + ^ E E-v^ 



o-,(^G,y r;G^ 



- E E ^ [cosh(/3) - auj smh(/3)] gj'(cr, tj) 

-cosh(/3) E E E E^^i'(^''^) 

CT,ujey »)G,r (T,a;GJ^ »yG^ 

- 2 cosh(/3) + 2 sinh(/3) , 



where the last equahty holds thanks to d?]) and ([5]) . So the first equation of Lemma 13.51 is 
proved. Similarly, we can obtain all the others. 

6.2 Proof of Theorem [Ml 

The fact that is an equilibrium point for all values of the parameters is easily shown by 
equations Now we are going to study the linear stability of this equilibrium. Denoting 
by 



V: [-1,1]6 

X := (xi,X2,X3,X4,X5,X6) 



with 



mx),V2{x), Vsix), V^ix), V^{x), Ve{x)) 



Vi{x) := -2 xi cosh(/3) + 2x2 sinh(/3) 

^2(21) := — 2 X2 cosh(7/i) cosh(7Xi) — 2 X5 sinh(7/i) sinh(7Xi) 

+ 2 cosh(7/i) sinh(7Xi) 
^3(21) •= 2xi cosh(7/i) sinh(7Xi) — 2x3 [cosh(/3) + cosh(7/i) cosh(7Xi)] 

+ 2 2:4 sinh(7/i) cosh(7j;i) — 2xq sinh(7/i) sinh(7Xi) + 2 sinh(/3) 
V4(^) := -2x4Cosh(/3) + 2x5sinh(/3) 

^sfe) — 2 X2 sinh(7/i) sinh(7Xi) — 2 X5 cosh(7/i) cosh(7Xi) 

+ 2 sinh(7/i) cosh (7x1) 
^6(izi) := 2 xi sinh(7/i) cosh(7Xi) — 2 2:3 sinh(7/i) sinh(7Xi) 

+ 2 3:4 cosh(7/i) sinh(7a;i) — 2 xe [cosh(/3) + cosh(7/i) cosh(7Xi)] , 



the vector field of the system in Lemma 13.51 we obtain the linearized matrix evaluated in 
the stationary solution is DV{rr]}l): 



DV(rn°) : 



-ch(/3) 
7 

ch(7h) 





sh(yh)+'y th(/3)th(7fe) 



sh(/3) 

-ch(7h) 

-[ch(^) + ch(7h)] sh(7h) 

-ch(/3) sh{/3) 

-ch(7/i) 












[ch(/3) + chijh)] . 
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Its eigenvalues are given by 



Ai = - cosh(/3) - cosh(7/i) + J [cosli(/3) - cosh(7/i)]2 + 47-^'''^^^^ 



cosh(7/i) 



A2 = - cosh(/3) - cosh(7/i) - J [cosh(/3) - cosh(7/i)]2 + 47-'''''^^^^ 



cosh(7/i) 
A3 =A4 = -2[cosh(/3) + cosh(7/i)] 
A5 = — 2 cosh (7/1) 
Ae = - 2 cosh . 

They are all real and it is easy to see that A2, A3, A4, A5, Ag < 0, for every value of /3, 7, h; 
instead, the value of Ai depends on the parameters: 

► if 7 < -T—jjir-, then Ai < and thus is linearly stable; 



tanh{/3) 

cosh^(7/!,) 
tanh(^ 



1 = Tanh^^y ' then Ai = and thus DV{m^) has a neutral direction; 



^ 1 > '^tanh(ff)^ ' then Ai > and thus the linearized system admits a direction which 
is unstable. 

Having established linear stability of m^, we now look for further equilibria. To this 
purpose, it is sufficient to study the behavior of the self-consistency relation satisfied by mj. 
Looking at the first expression in pi|) . we can write 

< = ^fSrfMO , (17) 
where r^^^_/j(mj) is defined by (fTH|) . It follows from (fT7|) that 

► I — > r^^^^/j(m2^) is a continuous function for all the values of /3, 7 and h; 

► lini r/3^/j(m^) = ±tanh(/3); 

»nj— i-±oo 

w / rr^ , , ^ Jl + 2 sluh^ (7/1) 1 cosh^ (7m J ) - sluh^ (7/1) 

and h. 

Since r^^^^/j(mj) is an odd function with respect to mj, we have r^^^^/j(0) = for all /3, 
7 and /i, so that (fT7|) has the paramagnetic solution mj = always. Now, we investigate 
under what conditions ferromagnetic solutions > may occur. We restrict to work in 
the positive half-plane. 

then there is at least one ferromagnetic solution. However, since r^^.y^/i(mj) is not always 
concave, there may be a ferromagnetic solution even when p8p fails. In this case, there 
must be at least two ferromagnetic solutions (corresponding to the curve i — > r^^^^/j(m!^), 
crossing the diagonal first from below and then from above). 

The regime defined by (|18p lies under the curve (\12\} . An idea of when two ferromagnetic 
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solutions arise may be obtained from the Taylor expansion of ,y /^(m-J) for small mj; in 
fact, 

and, on the curve defined by (fT^ . it reduces to 

r,,„.«) = < + 7 (^7 - ^) + o («)^) , 

from which we can see that 7 = 2tanh(/3) ^ critical value. Indeed, if 7 > 7, then as h 
increases through 7) (i.e. T'^ ^ ^(0) decreases through 1), at least two positive ferromag- 
netic solutions occur, because m% 1 — > ^ ii,'^,h{'niZ) is convex for small mj. 

6.3 Proof of Theorem HT^ 

STEP 1. Let us denote by {T^}Ar>i a family of stopping times, defined as 

rj(^'' := inf{|xAr(t)| > Mor |y7v(t)|>Mor \zN{t)\>M 

or \uN{t)\> M or \vN{t)\>M ox \wN{t)\> M} , 

where M is a positive constant. We are interested in introducing such a sequence of stopping 
times, because in this way the processes XN{t), ywit), zn, UN{t), VN{t), WN{t) result to be 
bounded in the time interval [0, T A tJ^]; thanks to the Central Limit Theorem r]\f{t) is still 
bounded, in fact for every e > there exists M > such that P{|rjv(t)| > M} < e for 

t G [o,r]. 

STEP 2. Now we prove that, for t G [0, T A Tjy^], the non-critical directions converge to 
zero in probability and this implies that yN{t), zj^it), UN{'t),VN{t), wwit) — > 0, as N — > 00. 
We show it only for the process z^it), because the calculations are analogous in the other 
cases. First we need the following technical results. 

Proposition 6.1. Fort G [0,T At^^], the process {r]\f{t), XN{t), yAr(t), zj^{t), UN{t), VN{t), 
idN{t)), defined in (|15p . is a Markov process. 

To prove that {r]y{t), XNit),yiy{t), ZN{t),UNit),VN{t),wiy{t)) is a Markov process, one 
must write down the expression of the infinitesimal generator ^^v, whose dynamics are driven 
by. To do it, we need the following technical Lemma. 

Lemma 6.2. Let {Xt)t>o be a continuous-time Markov chain on a finite state space S, 
admitting an infinitesimal generator L. Let g : S — t- S' be a given function, where S' 
is a finite set. Assume that for every f : S — > M, L{f o g) is a function of g{x), i.e. 
^if ° 9) = i^f) ° 9- Then this last identity defines a linear operator K; moreover, g{Xt) is 
a Markov process with infinitesimal generator K . 

Proof. Obviously K is linear. Observing that 

e*^(/og) = (e*^/)og, (19) 
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we can conclude. In fact, Xt is a Markov process with generator L, then we have 
E[if o g){Xt)\Xo = x] = e*^(/o5)(x) 

= E[f{giXt)MXo)=9{x)] 

and the last inequality holds since e''^ is a Markov semigroup and L{f o g) = {Kf) o g. 
Hence, g{Xt) is a Markov process with infinitesimal generator K. ■ 

Proof of Proposition I6.il We apply Lemma [6.21 The process {{Qi{t),ui{t))}t>o is a 
continuous-time Markov chain on the finite state space ^5^^^, with infinitesimal generator 
Ltv, defined by Let consider the function 

{a,ui) I — ^ {mjt^,m%,. . . ,m^f-) i — ^ {rN{t),XN{t), . . . ,WN{t)) ; 
it plays the role of (7 in Lemma 16.21 Then, for every tp : — > M, we have 

^Af(V' o C) = {Qn^) o C 

and CioLi^) is a Markov process with generator Q]\f given by 

f _ 2 _ 2 _ _ 2 2 

i'{r,x- ij^ch{jh), y - ikj^{c\v{-ih) ~ ch(/3)), z, u - ij^^ + «^];^th(7/i), 

_4 _2 \ ______ 

sh(7/i)ch(/3)(ch(/3) + 2ch(7;i)),w-ij/c-— (ch(/3)+ch(7;i)^ - V(r, x, y, z, u, v, w) 



( 2 2 2 2 2 

+ J]^sh(7/i)sh(/3)(ch(/3) + 2cHjh)),w + j^sh(7/i)th(/3)(ch(/3) + 2ch(7/i)) 

- y + ch(7/i))^ j - ip{r, x, y, z, u, v, w) 

(20) 

where A]\f{i,j,k) is the set of all triples {ad,ujd,rjd), d G {1, . . . ,N}, such that ad = i, ujd = j 
and T/tf = k, with z, j, /c € =5^; hence 



l^iv(j,i,A:)| = - 



1 + ( ,fcth(7M + ^ktmtH,h) + ,,iM/3)th(7Msh(7/.) + sh(/3) 



ch(/3) + ch(7/i) 

, , ^ , S {., , . sh(7/i)(ch(/3) + 2ch(7/i)) \ 

+ 7Vi/4(ch(/3)+ch(7/i)) V sh(/3) (ch(/3)+ch(7/i))2 

, y {■ ■ h\ ^ -i.^ z |^ zjsh(7/i)th(/3) +zfcsh(/3) ^ .^^ 

+ 7Vi/4(ch(7/i) - ch(/3)) + ^^^^''^ + (ch(7;i) - ch(/3)) ^^'^ 



jVi/4 27Vi/4(ch(/3) + ch{jh)) \sh{-fh)ich{l3) + 2ch{-fh)) 



19 



th(7/i)sh(/3)(ch(/3) + 2ch(7/i)) ' ch{l3){ch{P) + ch{"fK)f J ' iVi/4(ch(/3) + ch(7/i))2 



(21) 



Corollary 6.3. In the setting of Proposition [U7T\ let consider a function (p[rN{t), x^it), yN{t), 
zj\f{t),uiy{t),VN{t),wiy{t)) = {p{ziy{t)), with if € C^. Then the infinitesimal generator Qn of 
the Markov process {rj\f{t), XN{t),yN{'t), zj\f{t),ij,j\f{t),vj\f{t),W]\f{t)) applied to that particular 
function satisfies: 



2ipz \ — cosh(7/i) z + 



7Cosh(7/i) 



Afi/4(cosh(/3) + cosh(7/i)) 

7 



X + 



iVV4smh(/3) (cosh(/3) + cosh{-fh)y 

^,2 



2smh(7/i) (cosh(/3) + 2 cosh (7/1)). 
cosh(/3) smh(7/i)x ^ 



(cosh(/3) — cosh(7/i)) 
+ — , , „ , , , XV 



4tanh(7/i) (cosh(/3) + 2 cosh(7/i))2 2(cosh(/3) + 2 cosh(7/i)) 



+ 



Ari/4 



(22) 



where the remainders are continuous functions of (r, x,y, z,u,v,w) and they are of order 
o{l/N^/^) pointwise, but not uniformly in {r,x,y,z,u,v,w). 

Proof. Let consider the function {p{r]\f{t),XN{t),yN{t),Z]\f{t),uj\f{t),V]\f{t),wj\f{t)) = 
ip{zNit)), then ([20]) becomes 



gj^ip{z)= ^ |^Ar(i,j, A;)|e 



-7J 



Jvl/4(ch(/3) + ch(7h)) \ 2sh(7h){ch{^) + 2ch{7h)) 



where |AAr(i, j, /c)| is given by ([2T|) . 

Now we develop 99 around 2 with the Taylor expansion stopped at the second order. So, 



\Af^{i,j,k)\e~'^^^^e "^"^ ( Arl/4{ch(/3) + ch{7h)) 2Arl/4ah(7/i){ch{;3)+ch{7h))(ch(/3) + 2ch{7h)) 



2 2/1 



■ Ar3/4 



' 3/2 " \ ^3/2 



and if we replace the exponential functions with the expression e " = ch(a) — sh(a), by 
simple computations we obtain that 



2(^siV^/^ish(7/i)ch 



7 



X + 



AfV4(ch(/3) +ch(7/i)) V 2sh(7/i)(ch(/3) + 2ch(7/i)) 

7 /_ V 



X + 



iVV4(ch(/3) + ch(7/i)) V 2sh(7/i)(ch(/3) + 2ch(7/i)) 
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sh.{'yh) 



1 



/ X 



• sh 



A^V4 (ch(^) + ch{jh)) Vth(/3) 2sh(/3)th(7/i)(ch(/3) + 2ch{-fh)) 
7 /_ V 



iVi/4(ch(/3) +ch(7/i)) 



X + 



ch(7/i) 



+ 



Ari/4 

2(Pzz f 



+ th(7/i) 



ch 



7 



^|ch(7/i)ch 



A^V4(ch(/3) + ch(7/i)) 

7 



2sh(7/i)(ch(^) + 2ch(7/i)) 
X + 



+ sh(7/i) 



iVi/2 



sh 



ch(7/i) 



Afi/4(ch(/3) +ch(7/i)) 

7 

iVV4(ch(/3) +ch(7/i)) 
1 / X 



X + 



2sh(7/i)(ch(/3) + 2ch(7/i)) 
2sh(7/i)(ch(/3) + 2ch(7/i)) 

V 

2sh(7/i)(ch(/3) + 2ch(7/i)) 

77 



•sh 



iVi/4 (ch(/3) + ch(7/i)) Vth(/3) 2sh(/3)th(7/i)(ch(/3) + 2ch{^h)) 

7 /_ u 



-sh(7/i) 



iVV4(ch(/3) + ch(7/i)) 
7 



X + 



ch 



2sh(7/i)(ch(/3) + 2ch(7/i)) 



A^V4(ch(/3) + ch(7/i)) 



X + 



2sh(7/i)(ch(/3) + 2ch(7/i)) 



(*) 



(23) 



In what follows we will also consider the Taylor expansions stopped at the second order of 
the following terms 



sh 



7 



ch 



iVV4 (ch(^) + ch(7/i)) 

7 

" iVV4(ch(^) +ch(7/i)) 

7 



X + 



x + 



2sh{jh) (ch(/3) + 2ch(7/i)) 

V 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



+ 



Ari/2 



(24) 



iVV4 (ch(/3) + ch(7/i)) 

1 + 



X + 



7 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



X + 



+ 



1 



(25) 



2iVi/2 (ch(/3) + ch{jh)f V ' 2sh(7/i) (ch(/3) + 2ch{-/h)) J ' " 
Then, if we consider the previous expansions and we reorder the terms, we find that 



(*) = 2ipz<- chi-yh) z 



7ch(7/i) 



Afi/4(ch(/3) + ch(7/i)) 

7 

iVV4sh(^)(ch(/3) + ch(7/i))2 

;r.2 



X + 



2sh(7/i)(ch(/3) + 2ch(7/i)). 
ch(/3)sh(7/i)x2 

/ 1 



4th(7/i)(ch(/3) + 2ch(7/i))2 2(ch(^) + 2ch(7/i)) 



+ o 



which is just ([22]) • 
We define 

(rAr(t), XAr(t), yAr(t) 2Ar(t), UAr(t), VN{t),WNit)) : = 
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and we consider the infinitesimal generator, Jn = N^^'^Qn, subject to the time-rescaUng 
and apphed to the particular function 

ip{rN{t),XNit),yN{t)zN{t),UN{t),VNit),WN{t)) = (^Af(i))^ • 

We choose this kind of function, since (zjv(i))^ is a sequence of positive semimartingales on 
a suitable probability space {^},A,P) and then the following decomposition holds: 



(26) 



In 



' []Vl/4(ch(/3 



a(/3) + ch{7h)) 



(^+2ih 



(7h)(ch{/3) + 2ch{7 



71)))+'='' 



i,j,k<ay 



V 

A%{i,j,k,ds) 



izNis))' 



which is a local martingale, where 



V 



2 \2 



{zNis)f 



and 



A%{i,j,k,dt) ■.= AUiJ,k,dt)-N'/^ A{i,j,k,N^/H\ e ^'("' 



:=X{i,j,k,t) dt 



(27) 



(28) 



The counter A{i,j,k,N^^^t) is given in analogy with ([2T|) . replacing the variables r, x, y, 
z, u, V, w with the stochastic processes rN{t), XAr(t), yAr(t), Z]\f{t), nAr(t), i'Ar(t) and WNit)- 
As we can evidently see, Ayy(z, j, fc, dt) is the difference between the point process A^{i, j, k, dt), 
defined on =5^^ x IR+, and its intensity X(i,j, k,t) dt. 

Remark 6.4. // we call {At)t>o o, filtration generated by A^^ on (17, A, P), then the processes 
JN{zN{t))'^ and V^''\{zN{t))'^] are At— adapted processes. 

As a consequence of the considerations just explained, we are in the proper situation to 
use a result about collapsing processes appeared in [7] and then slightly generalized in [22]. 
Here we recall it in Proposition 16.51 and then we adapt it to our specific case in Lemma |6.6| 
that is what we have to prove. 

Proposition 6.5. Let {Xn{t)}n>i be a sequence of positive semimartingales on a probability 
space {^,J2/, with 

dXn{t) = Sn{t)dt + / fn{t-,y)[An{dt,dy) - An{t,dy)dt] . 

Here, A„ is a point-process of intensity An{t, dy)dt on R+ x '3^ , where '3^ is a measurable space, 
and Sn{t) and fn{t) 3re £/t-3dapted processes, if we consider {£/t)t>o 3 filtration on {Q., ,0^) 
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generated by A„. 

Let d > 1 and Ci constants independent ofn and t. Suppose there exist {an}n>i 3nd {(3n}n>i, 
increasing sequences with 



n ' a. 



5 Hn 



^0 



and 



E 



[Xn{^)f\ < Cia-'^ for all n. 



Furthermore, let {r„}„>i be stopping times such that, fort G [0,r„] and n > 1, 
Suit) < -n5Xnit) + f3nC2 + Cs with5>0, 



sup \fn{t,y)\ < C^a^^ . 
uien,ye^,t<Tn 



Hence: 

1. if it holds 



9 



iUt,y)fA^it,dy)<C5 



then, for any e > 0, there exist Cq > and uq such that 



sup ^ \ sup Xn{t) > Cein^^'^a;,^ V a„n"^) \ < e ; 

n>no [0<t<TAT„ J 



2. if instead of (j^j) we have 



9 



{Ut,y)fAn{t,dy) < C75(X„(t) + n-^), 



then, instead of i\-k -k ^j) , we get 



sup 



sup 



>no [o<t<rAT„ 



Lemma 6.6. Consider d > 2, 6 > and k := k,{N), such that k +oo. For 

t G [OjTjy'] and N > 1, there exist constants C. 's independent of N and t and two increasing 
sequences {a7v}7V>i o,nd {Pn}n>i, which satisfy the following conditions: 

_1 N^+oo „ —In N-^+oo 



l/d -1 

K' aj^ >0,K UN >0, K Pat ^0. 



E 



[zMm''" <CiQ^2d for all N, 



JN{zN{t)f < -K5{zN{t)f + PnC2 + C3 



sup 



^ [V^'^ [{zN{t)f]] X{i,j,k,t)<C,[{zN{t)f + K-' 

and such that, for every e > 0, the following estimate holds 

sup P \ sup {zN{t)f > Ce (K^/'^a^i V k^Vw) \ < 

N>No I 0<t<TArM ^ ^ I 



(29) 
(30) 
(31) 
(32) 

(33) 



(34) 
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Proof. We aim to prove the existence of these sequences {aN}N>i, {/3Af}iV>i and con- 
stants C. and to give a characterization of them. We show that the hypotheses required by 
Lemma 16.61 hold true. 



PUIl : From ([E]) we get 



z,v(0) = iVi/^(m;^(0)-tanh(7/i)) . 



The random variables {ujj{0),r]j) are independent, so a Central Limit Theorem applies: in 
the limit as — > +00, 



N'/'z^{0) = N'/' (m^^^(,) - tanh(7/i)) 



converges to a Gaussian random variable and, since "^pj^(o) ^ +!]> there is convergence 
of all the moments. Thus, 



E 



2d' 



and we obtain the following estimate for the 2(i-th moments of 2;Ar(0): 



E 



(^7v(0)) 



2d 



E 



2d 



K^(0)-tanh(7/^) 



2d 



< Ci N-'^/* . 



Thus (EDD holds. 



(|3ip : For t € [0, t^^] we consider the Taylor expansions of the hyperbolic sine and cosine 
stopped at the second order (see (fM|l and ([2S1)) with the Lagrangian expressions of their 
remainders estimated as follows: 



\Rs\ < sup||ch(e)| : 9 G 



0, 



7 



(ch(/3) + ch(7/i)) 



7 



< ch 



6iV3/4 (ch(^) +ch(7/i))^ 

7M 



3;Ar(t) + 



XN{t) + 



VN{t) 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



1 + 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



1 



(ch(/3) + ch(7/i)) V 2sh(7/i) (ch(/3) + 2ch(7/i)) 
73m3 r 1 



1 + 



6A^3/4(ch(/3) + ch(7/i))3 V 2sh(7/i)(ch(/3) + 2ch(7/i)) 



(35) 



\Rc\ < sup<{ |sh(e)| : 9 G 
7^ 



7 



iVi/4 (ch(/3) +ch(7/i)) 



2;Ar(t) + 



t'Ar(i) 



< sh 



6N^/^ {ch{(3) + ch{jh)f V 
7M 



XNit) + 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



2sh(7/i) (ch(^) + 2ch(7/i)) 



(ch(/3) + ch(7/i)) 
7^ 



1 + 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



,,3^3 



1 + 



6A^3/4(ch(/3) + ch(7/i))3 V 2sh(7/i)(ch(/3) + 2ch(7/i)) 



(36) 
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Now we derive the particular characterization of c7Ar(^Ar(i))^, adapting the exphcit ex- 
pression of Qn^ C^Nit)) found in Corollary 16.31 (in other words, setting ip(zN{t)) = (zN{t))'^, 
and taking into account the time-rescaling) . Then, we proceed to find an upper bound for 
this quantity. Thus, by ([25]) . U^M^ and ([2^ . if we reorder the terms, we get 



JN{zNit)f = -47VV4ch(7/i) (zNit)) 



47sh(7/i) 



th(/3)(ch(/3) +ch(7/i))2 
27(ch(^) - ch(7/i)) 



ixN{t)) ZNit) 



+ 



sh(/3)(ch(/3) + ch(7/i))2(ch(/3) + 2ch(7/i)) 
47 



sh(^)th(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2ch{jh))^ 



XN{t) VN{t) ZN{t) 



47ch(7/i.) rN{t)zN{t) 



ch(/3) + ch(7/i) 



ch(7/i) 



{zN{t)y 

Ari/4 



27^ 



VNif) 



sh(7/i) (ch(/3) + 2ch(7/i)) 



(ch(/3) + ch(7/i))' 



+ 



27^ 



(x;v(t))' 



■XN{t)vN{t) 



sh(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2di{jh)) 
+ ,r^^-^TT^. ..T^. (^^^(t))' 



2sh2(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2ch(7/i))2 



+ Rs 



4ch(7/i) riv(t)2'jv(t) - 4iV^/^ 



sh(7/i) 



+ 2iVi/^ 



th(/3)(ch(/3) + ch(7/i)) 
ch(7/i) 



sh(/3)(ch(^) + ch(7/i))(ch(/3) + 2ch(7/i)) 



47VV4ch(7/i) (z,v(t))' + 



4ch(7/i) 
iVV4 



< -4iVi/^ch(7/i) (?jv(t))V 

27 



+ 



sh(/3)(ch(/3) + ch(7/i))(ch(/3) + 2ch(7/i)) 
47 



sh(/3)th(7/i)(ch(/3) + ch(7/i))2(ch(^) + 2ch(7/i)) 



47sh(7/i) /.N\2|~ /,M 

th(/3)(ch(/3) + ch(7M)2 



2;Ar(t)| |'UAr(t)| |zAr(t)| 
{vN{t)f\zN{t)\ 



+ ch(7/i) (2-7v(t))- 
27^ 



\xN{t)\ + 

2f 



(ch(/3) +ch(7/i))2 



sh(7/i) (ch(/3) + 2ch(7/i)) 



+ 



\xN{t)\ \vN{t)\ 



sh(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2ch(7/i)) 
+ . , .^1. 



2sh2(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2ch(7/i))2 



4ch(7/i)|rjv(0l|2'iv(t)|+4iVi/^ 



sh(7/i) 



th(/3)(ch(/3)+ch(7/i)) 



|a;Ar(t)| kAf(t)| 
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+ 



ch(7/i) 



sh(/3)(ch(^) + ch(7/i))(ch(/3) + 2ch(7/i)) 



\vN{t)\ \zNit)\ 



+ \Rc\ 



47Vi/^ch(7/i) {zN{t)f + 4ch(7/i) 



< -4iV^/^ch(7/i) (?jv(t))^ + 



7sh(7/i) 



th(/3)(ch(/3)+ch(7/i))2 



+ 2M' 
+ 4M' 



7 



sh(^)(ch(^) + ch(7/i))(ch(/3) + 2ch(7/i)) 
3 7 



sh(/3)th(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2ch{-fh))^ 



+ AM' 



3 7ch(7/i) 
ch(^) + ch(7/i) 



1 + 



1 



2sh(7/i) (ch(/3) + 2ch(7/i)) 



+ M'^ch(7/i) 



27^ 



+ 



27^ 



(ch(/3) + ch(7/i))2 sh(7/i)(ch(^) + ch(7/i))2(ch(/3) + 2ch(7/i)) 

,2 



7 



+ ch 
1 + 



2sh2(7/i)(ch(/3) + ch(7/i))2(ch(/3) + 2ch(7/i))2 
7M 1 



(ch(/3) + ch(7/i)) 
1 



1 + 



2sh(7^) (ch(/3) + 2ch(7/i)) 
3 . 



7' 



2sh(7/i)(ch(/3) + 2ch(7/i)) 



+ 2M^ 



4M2ch(7/i) + 4M' 
ch(7/i) 



6(ch(/3) +ch(7/i))3 
sh(7/i) 
th(/3)(ch(/3) +ch(7/i)) 



+ sh 



sh(/3)(ch(/3) + ch(7/i))(ch(/3) + 2ch(7/i)) 
7M 1 



(ch(/3) +ch(7/i)) 
1 + 



1 + 



2sh(7/i) (ch(/3) + 2ch(7/i)) 
1 x3 r 



7' 



6(ch(/3) + ch(7/i))3 



2sh(7/i)(ch(/3) + 2ch(7/i)) 



4M^ch(7/i) + 4ch(7/i) 



-AN^/^ch{-ih){lN{t)f + C2 + C3 



Hence, we have obtained the desh'ed inequaUty if we choose: k := N^^*, d := 4ch(-yh) (which 
is a positive constant), /3]y = 1 and C2 + C3 equal to the rest of the expression, which is 
constant with respect to N and t, as required. 

([32]) : Now, we evaluate the supremum of the modulus of V^"'^ [(iAr(s))^], defined as in 
(1771) . It easily yields 



sup 

a;Gnj,fce,_5^,tG[0,r*^] 



sup 



Ar3/2 



jk 



Ar3/4 



< 



iV5/8 



(1 + M)A^"^/^ < C4iV"^/^ 



where we set C4 = 4(1 + M) and = N^^^- 
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): Recalling the definition of v''"'^[(zAr(s))^] and of X{i,j,k,t), which we can find in 
(17711 and in dSS]), we have 



ivV4 ^ \Aii,j,k,N'/H)\e 



-13 



(7h){ch{^J) + 2ch{7h)) 



2 \ 



N''^ Y: \Aii,j,k,N'/H)\e 



-7J 



f jv(i) 



){ch{^() + 2ch{7h)) 



■(xjv(t)+7 



"jv(t) 



). 



16 32 ^ , , 16 , ,,2 



To find an upper bound for this last quantity, we replace the exponential functions with the 
expression e~" = ch(Q;) — sh(a) and then we proceed in the same way we previously proved 
(j31|) . We consider the Taylor expansions of the hyperbolic sine and cosine stopped at the 
second order (see ([M]), (I2SI)) and we estimate their remainders as in (pI5|) , ([55]) . So, we can 
show that for t G [0, rff] it holds 



2 1 



Ari/4 



where C5 is a positive constant depending on M. 

(pUj) : It remains to show that the sequences we have found satisfy the conditions about 
the convergence to zero. But, 

hm (ivV4)i/rf(Ari/8)-i = Um N^/m-i/s=Q ^ d>2 
lim ^ lijn ^-1/8 ^ Q 

Af-*-+oo N-^+oo 

lim iV"^/^ = 

and hence we know that (|34|) hold true from Proposition 16.51 ■ 

Corollary 6.7. We consider the same setting as in Lemma \6.b\ For every e > there exists 
constants Cj and Nq such that 



sup P \ sup \zN{t)\ > C7 (^^/(^'^^ajv^/^ V k-^^^pI 



N>No I 0<i<TAT*^ 



/2 



< e. 



(37) 
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Proof. We set C7 = (Ce)^/^ ^nd we extract the square root of the inequahty (*) in the 
previous Lemma to obtain an equivalent set, described in (|37|) . for which the same property 
holds. ■ 



Remark 6.8. Notice that if we insert the quantities we choose during the proof of Lemma 
6. 61 into (pI7|l . we have shown that the following inequality holds 



sup P I sup \lN{t)\ > C, (ivV(8'^)-l/16 V AT-l/S) 1 



< e. 



(38) 



STEP 3. In order to conclude the first part of the proof of Theorem 14.31 we have to 
show that, for every e > and > 1, there exists a constant Af > such that 



p{rjl<T]<e. 



This fact implies that the processes yN{t),ZNit),UN{t),V]\fii),'WN{t) converge to zero in 
probability, as N ^ +00, for all t £ [0,?^]. But, before proving this fact we need the 
following technical Lemma. 



Lemma 6.9. For t G [0, T A Tj^f], if we consider ijj £ , a function of the pair of processes 

(39) 



XN{t) = A^^/^ [cosh(7/i)mJ^(^) +sinh(/3)mj^(j) 
only resettled in space, then (j2Up reduces to 

sinh(/3) sinh(7/i) 7^x^ cosh(/3) cosh(7/i) 



2 Afi/2(cosh(/3) +cosh(7/i))3 
7'^x^ sinh(/3)(cosh(7/i) — sinh(7/i) tanh(7/i)) 



+ 



6 

7^rx^ 



iVi/2(cosh(/3) + cosh(7/i))3 
sinh(/3) sinh(7/i) 



(40) 



2 A^3/4(cosh(/3) + cosh(7/i))2 



1 



where the remainder is a continuous function of x and it is of order o{l/N^^^) pointwise, 
but not uniformly in x. 



Proof. By (|2U|) . considering a function ip : 

gNHr,x)= I^7v(i,j,fc)||e-^*^' 



^, £ ) we deduce 



^ V ' ^ ~ ^^;^ch(7/i) 1 - ^(r, x) 



(ch(/3) + ch{7h)) 



-+fc/l 



'4^(r,x- jj^sh{(3) ) - V'(?-, x) 



where 

\^N(.i,j, k)\ 



N 



1 + jkthi'jh) + zA;th(/3)th(7/i) + ij 



th(^)th(7/t)sh(7/i) + sh(/3) 
ch(/3) + ch(7/i) 
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+ k 



+ 



iVi/2 iVi/4(ch(/3) +ch(7/i)) 



i+ j 



ch(/3) . sh(7/i)(ch(/3) + 2ch(7/i))\ 
Mj)^^^ (ch(/3) + ch(7/i))2 j 



■ (41) 



The procedure we applied to prove Corollary 16.31 leads us to the conclusion, once we leave 
all the terms coming from those processes we know collapsing in the infinite volume limit. ■ 



Now let consider the infinitesimal generator, JTat = N^/'^0]\[, subject to the time-rescaling 
and apply it to the particular function ■ip{r]\f{t),XNit)) '■= '4'{fN{t),XN{N^^'^t)) = |x7v(i)|- 
The following decomposition holds 

\xN{t)\ = \xn{^)\ + j JW(|£7v(s)|)ds + 7W*^^|~| 

rt 



with 



<|5?^(0)|+ / \JN{\xN[s)\)\ds + M'^^^~^ 







■^kl^r f E {v^*^[|x,v(s)|]A^(i,j,A:,ds)+V^^'^[|£;v(5)|]A';^(i,j,A;,ds)} 

•^0 ■ ■ 1^ c/J 



i,j,ke-y 
where we have defined 



XN{t) - cosh(7/i) 



^N{t) - j-py^sinh(/3) 



\xN{t)\ 



\xN{t)\ 



(42) 



and 



^\'^{i,j,k,t)dt 



A%{i, j, k, dt) ■.=A%ii, j, k, dt)-N^'^ A{i, j, fc, N^IH) 



3=JV(t) 



(43) 



/4[cosh{^) + cosh(7;t)] 



+kh 



dt 



=\"{i,j,k,t)dt 



As we can clearly see, the quantities A'j^{i, j,k,dt) are the differences between the point 

processes A']^{i,j,k,dt), defined on x and their intensities X {i, j,k,t) dt. 

The counter A{i, j, k, N^/H) is given in analogy with (|4ip . replacing the variables r and x 

with the stochastic processes ri^{t) and x^it)- 

We recall that the expression of Qn is given by ([HJjl . 
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For t G [0,Tj^] we can estimate \ J'n{ \xN{t)\ )|- We get 

7'|2Jiv(t)P ch(/3)ch(7/i) 



\JN{\xN{t)\)\ 



iVV4 ^' ' 2A^i/2 (ch(/3) + ch(7/i))3 



^ 73|xjv(^)|3sh(/3)(ch(7/i)-sh(7/i)th(7/i)) ^ t'^tv Wl^jv(t)|' sh(/3)sh(7/i) 



6iVV2 (ch(/3) + ch(7/i))3 2Af3/4 (ch(/3) + ch(7/i))2 

+ A^^/^ii, [sh(/3)ch(7/i) - sh(/3)sh(7/i)th(7/i)] 

iV^/^i?J^sh(/3)sh(7/^) ch(/3)ch(7M 



iVi/2 ^' ^ Ari/4 (ch(/3) + ch(7/i)) 

and, by using the Taylor expansions of the hyperbohc sine and cosine stopped at the second 
order (see (fM|) . dSS])) and the estimates of their remainders (see pSjl . pSjl ). it results to be 
bounded from above by a positive constant Cg, which is independent of A^. Moreover, 



{t^ < T} C sup {\xN{t)\, \yN{t)\, \zN{t)\, \uN{t)\, \vN{t)\, \wN{t)\} > M 

^ 0<t<TAT^^ 

C I sup \xN{t)\ >m\u\ sup \yN{t)\ > mI U I sup \zN{t)\ > M 
ui sup \uN{t)\> m\u I sup \vN{t)\> m\u I sup \wN{t)\>M 

1^ 0<t<TAT^' J I 0<i<TATj*^ J I 0<t<TAT^' 

C I sup |yAr(t)| > Af I U I sup \zN{t)\ > M 



0<i<rAr*^ J 0<t<TAT*^ 



U <^ sup \uN{t)\>M\[j\ sup |%(t)|>Mlu<^ sup |?I;Ar(t)|>M 



U{|X7V(0)| > CgjU 



{|X^(0)| <C9}n( sup \xN{t)\>Cg + TC8 + Cw] 



c| sup |yjv(t)| > Afjuj sup |?7v(t)|>A/j 

0<t<TAT^' J ^ 0<t<TAT^' J 

u| sup \uN{t)\>M\\j\ sup |wAr(t)| > mI U I sup |w;iv(t)| > M 
U {|5=7v(0)| > Cg} U ( sup A^jy > Cio) , 

then we obtain the following inequality for the probability of the interested set 
P{t^ < T} < p( sup > m| + p( sup \zN{t)\ > m] 

l 0<t<TAT^' J 0<t<TAT^' J 

+ P\ sup \uN{t)\ > m\ + PI sup |vAr(t)| > mI + P| SUp \wN{t)\ > m\ 

+ P{\xNm > Cg} + P\ sup A^*^ |~| > Cio j . 

0<t<TAT^' J 

We estimate the seven terms of the right-hand side of the inequality. 
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for any e > 0, thanks to the fact that the process Z]\i{t) collapses we have 



P 



sup 

0<i<TA 



where we set M := Cj (^ArV(8"!)-i/i6 \j Af-i/s^ (ggg ([^T])) and analogous relations hold 
for all the other processes yNit), UN{t), i'Ar(t), WN{t), with proper constants; 

from ([5U|) we get 

E[xn{0)] = N^/^E[coshi^h)m^^^^^ + sinh(/3)mJ^(oJ , 

which is a linear combination of sample averages. Since at time t = the spins are 
distributed according to a product measure and such that mg = ttiq = 0, thanks to 
the Central Limit Theorem we can conclude that 



E[\xMm] < 



cosh(7/i)y^Va^(^^(0)) + sinh(/3)y^Var(a;i(0)) 



Ar-i/4 



and so, in the limit as — > +oo, we have convergence to zero in and then in 
probability. Therefore 

P{\xNm >Cg}<e, 
for any e > 0, for every N and for a sufficiently large Cg; 

we reduce to deal with i^p^]' ™ fact, Doob's "maximal inequality in L^" (case 

p = 2) for martingales (we refer to Chapter VII, Section 3 of [53]) tells us that 



P{ sup M%~>C,,\< 

0<t<TAT^f ' ' 



E 



{a 



10 J 



Hence, remembering (|43|) and (|42p . we are able to compute 



E 



E 



T 



s { 



'¥'\\xM{t)\]\\'^ii,j,k,t)dt} 



+ 



< E 



, ^7Trcosh2(7/i)ArV4 gup \A{i,j,k,N^/'^t)\e^dt 
N-^/^ i,j,k€y' 

+ ^TTsinh2(/3)iVi/4 sup \A{i,j,k,N^/H)\e'-''^^+^Ut 



< E 



T 



(cosh2(7/i)e^ + sinh2(/3)e^(^+'^)) dt 



,7(1+/*) 



with Cii positive constant independent on N and M. 

We have established that, if we choose Cio > \/Cu/e, then 

P{ sup ~>cj<e. 
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In summary, we proved the inequality we were looking for; in fact 

p{tn < r} < 7e := €. 

This completes the first part of the proof. 

Now, we are going to show that in the limit of infinite volume, when t £ [0,7"], the 
process xj^it) admits a limiting process and we are going to compute it. 

STEP 4. First, we need to prove the tightness of the sequence {xN{t)}]y>i. This 
property implies the existence of convergent subsequences. Secondly, in the last step, we 
will verify that all the convergent subsequences have the same limit and hence also the 
sequence {xNit)}N>i must converge to that limit. 

Lemma 6.10. The sequence {xAr(t)}Ar>i is tight. 

Proof. In the case we are working with processes with laws on I?[0, T], we can give a 
characterization of the tightness in terms of those processes (through their distributions). 
In fact, as we can read in [7], we have: 

"A sequence of processes {xAr(t)}Ar>i with laws {'PAr}Ar>i on P[0,T] is tight if: 

1. for every e > there exists M > such that 

suppj sup \xN{t)\>M\ <e, (44) 
N I ie[0,T] J 

2. for every e > and a > there exists 6 > such that 

sup sup P{\xn{t2) -XN{n)\ > a} < e , (45) 

N 0<ti<T2<{ti+S)AT 

where ri and T2 are stopping times adapted to the filtration generated by the process 

XNr 

We must verify the conditions ()44p and ()45|) hold. Since we have already shown that, for 
every e > the inequality P ^tJ^^ < r| < e holds for M sufficiently large and uniformly in 
N, it is enough to show tightness for the stopped process 

{s^{tArM)}^^_^. 

We showed before the validity of the following inclusion 

I sup \xNit)\ > M 1 C {|2?^(0)| > Cg} u ( sup > Cw] , 



therefore 



suppj sup \xNit)\ > m\ <2e 



and so we obtain 

Now let us deal with We notice that 



\xn{t2) - Xn{ti)\ 



jN{XN{u))du + M]\';' 

Tl 'I 
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where we have denoted 



N,\x\ 



T2 



Ar3/4 

as in definition ()43p . Thus, 

{\xNiT2) - xn{ti)\ > a} C 



cosh (7/1) (i, j, fe, du) + j sinh(^)A5(r(i, j, A;, du 



JN\xNiu)\du 



+ 



> a ^ C 



> 



Clo} 



<C8(r2-Ti) 

and then, applying Chebyscev Inequahty to the last right-hand side of the previous inclusions, 
we get 

, 2" 



sup P < 

0<ti<T2<(ti+(5)AT 



N,\x\ 



> 



Clo} < (Cio)-' sup E 

0<ri<T2<(Ti+<5)AT 



Observing that A^jy |~| is a zero mean martingale, by Doob's Optional Sampling theorem, 
we obtain 



sup E 

0<ri<T2<(Ti+5)AT 



N,\x\ 



= (Clo)-' sup E 

0<ti<T2<(ti+5)AT 

<(c 



10 J sup 

0<Ti<r2<(Ti+<5)AT 



4(t2 - ri) [cosh2(7/i)e^ + sinh2(/3)e^(^+'^) 



10) 



cosh2(7/i)e^ +sinh2(/3)e' 



7(l+/i) 



5. 



=Ci 



Finally, we can conclude that 



sup sup ^'{|2;Ar(r2) — XAr(ri)| > a} < sup sup P 

N 0<ti<T2<(ti+<5)AT N 0<Ti<r2<(ri+5)AT 

< (Cio)-2Cn 5 = 0(5) 

and the proof is complete. 



N,\x\ 



> 



Clo} 



STEP 5. We prove now that all the convergent subsequences have the same limit and 
so the sequence itself converges to that limit and this concludes the proof of the Theorem. 
With abuse of notation, let {xn{t)}n>i denote one of such a subsequence and let ip ^ he 
a function of the type '4j{rn{t),Xn{t)) = ip{xn{t)). The following decomposition holds 



where 



i){Xn{t)) - ll){Xn{^)) = 1^ Jni^{Xn{u))du + Ml,^^ , 

7^(5?n(i))^ cosh(/3) cosh(7/i) 



(46) 



r„(t) sinh(/3) sinh(7/i) 



n^/^[cosh(/3) + cosh(7/i)]2 



+ 



7^(a;„(t))'^ sinh(/3) [cosh (7/1) — sinh(7/i) tanh(7/i)] 
6 nV4[cosh(^) +cosh(7/i)]3 

7^rn{t){xn{t))^ sinh(^) sinh(7/i) 



+ 



/in3/4[cosh(/3) + cosh(7/i)]2 



+ om(1) 
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which, as usual, is Qn (see (|3U|) ) rescaled by a power N^^^ and apphed to the particular 
function tp{rn{t),Xnit)) = tp{xn{t)). The remainder OAf(l) goes to zero as n — > +00, 
uniformly in M. 

If we compute the limit as n — >■ +00, remembering that a Central Limit Theorem applies 
to rn{t), we have 

JnHMt)) ^^^^ Ji^{x{t)) , 

w 

with 

Jij{x(t)) = 2J^ sinh(/3) sinh(7/i) -0^ 
and ^ is a Standard Gaussian random variable. Then, because of (1461) . we obtain 



M 



M% := i^{x{t)) - V'(£(0)) - / Jtl:{x{u))du 



We must prove the following Lemma 

Lemma 6.11. is a martingale (with respect to t); in other words, for all s,t £ [0,r], 
s <t and for all measurable and bounded functions g{x([0, s])) the following identity holds: 



E[Ml^g{x{[0,s]))] = E[M:pg{x{[0,s] 



(47) 



Proof. It is sufficient to show that {A^^^}n>i is a uniformly integrable sequence of 
random variables. Let us suppose we have already proved this property holds and see that 
(HZD is satisfied. 

Since ^ is a martingale (with respect to t) for every n, we have that, for all s,t £ [0, T], 
s <t and for all measurable and bounded functions g{x{[0, s])), 



E[Ml^g{x{[0,s]))] = E[M:,^^g{x{[0,s]))] 



and then 



hm E[Ml^g{x{[0,s] 



hm E[M:,^^g{x{[0,s]))] 

71— > + CXD 



But {J^n^}n>i is a sequence of uniformly integrable random variables, hence it converges 
in (for instance, see ^23j). Moreover, we know the distribution of its L^-limit, since we 
already know its weak- limit. Thus, 



E[M'^g{x{[0,s]))]=E 



lim Mi^^g{x{[0, s])) 



lim E[Mi^^gixi[0,s] 



= hin E[Ml^g{x{[0,s]))]=E lim Mt,,^g{x{[0, s])) 

= E[M'^g{x{[0,s]))] 

and the conclusion follows. 

It remains to check that {A^^^}n>i is a uniformly integrable family. A sufficient condi- 
tion for the uniform integrability is the existence of p > 1 such that sup„ £'[|A^^ ^|^] < +00 
(see again [25]). 
If we define 



(xnit))] := ipyxnit) - i-^ cosh{jh)j - %p{xn{t)) 

{Xn{m := i>(xn{t) - -ij{Xn{t)), 
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it yields 



E 



■ E 



< n^/^E 



i,j,key 

■t 



V^'^[i;{Xn{s))]]\%i,j,k,s)ds + 



i,jey 



v + 



(*) 



we expand the function ij) around with the Taylor expansion stopped at the first order 
and with remainder R, R such that 



1^1 < ^sup||fe(z)| -.ze 
1^1 < Jsup|i^^(z)| -.ze 



' ^ ^ 2 

aJn(i), Xn(t) - cosh(7/i) 

2 



Xn{t), Xn{t) - j^rjj sinh(/3) 



^ ^ry^sinh2(^) 



and, moreover, we recall that ip ^ ^^'^ IV^I — ^^'^ IV^I ^ ^2; therefore. 



(*) = n'/^ E [ r I ^ [ - i 2 cosh(7^)V'~ + 



+ E 



< n^/^ E /*sup cosh.'^ {jh)ilj^ - cosh{jh)iP~R + i?^) 



,7(l+/i) 



[ ( cosh^ (7/1) + /ci k2 cosh^ (7/1) + ^kl cosh^ (7/1) ^ ds 



< n^/^ E 



./3 



+ e-ri^+h) /■* (A^^kl sinh2(^) + -^fciA;2 sinh3(;9) + ^k^ sinh4(^)) ds 
Jo \n'^i rv'i ^^ / 



< 4T 



cosh2(7/i)(fci + cosh(7/i)fe2)^ + 6^^^+'') smh^{l3){ki + sinh(/3)fe2 



since t < T; then A^^ ^ is uniformly integrable. ■ 

Now, the proof is easy to complete. M^^ ^ solves the martingale problem with infinites- 
imal generator J , admitting a unique solution, and hence we have shown that all the con- 
vergent subsequences have the same limit and so the sequence itself converges to that limit. 
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